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Abstract
This paper presents an analysis of biped walking whose dynamics has a great tendency for
instability. A 14-DOF biped model has been used in dynamic walking analysis. Open and
closed loop controllers have been designed and applied in simulations. The general control
scheme has been based on the ZMP control with linear inverted pendulum modeling. A
flywheels based approach has been proposed and applied in simulations in order to achieve
the closed-loop control of the system with respect to disturbing dynamic effects occurring
in dynamic walking. The principle of the flywheels approach is based on the direct
compensation of the ZMP disturbances at the upper body level. Dynamic walking over
linear and curvilinear trajectories, lateral and backward walking and walking up and down
the stairs have been simulated as the fundamental behaviors in biped locomotion. Forward
walking speeds of 6km/h has been observed in simulations. The analysis results presented
in this paper have proved to be the basis of the ongoing design of a biped walking robot.
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1. INTRODUCTION
Human-like biped locomotion happens to be the fundamental behavior of interest in humanoid
robotics research. Mobility due to biped walking is the key issue in the developments achieved on
humanoid robot design which has been based on earlier research on biped locomotion [1-22]. Original
approaches have been proposed since the pioneering works of Vukobratovic and Kato in late 1960s
[1-4]. Later publications of Vukobratovic et al. on the subject have given very precious highlights of
the state-of-art and future perspectives [5-8]. Once the physical phenomena governing the biped
locomotion have been understood, it has been possible to develop dedicated control strategies
necessary for satisfactory walking performances. Some of the recently presented biped robots among
the others are described in references [9-16].
The stability of equilibrium is the key problem in the analysis and modeling of biped walking
mechanisms. One can distinguish the so-called static and dynamic walking behaviors in human-like
biped locomotion. The static walking is defined as the walking behavior where the static equilibrium
is instantaneously maintained during locomotion. Stability of static equilibrium can be guaranteed
only with low speed motions of the mobile mechanism. The dynamic walking is characterized by
higher speed motions of the mobile mechanism. Dynamic effects occurring in dynamic walking must
be considered in modeling and controller design for a stable behavior. Modeling, analysis and design
of dynamically walking biped mechanisms have been based on the widely accepted notion of Zero
Moment Point proposed by Vukobratovic [5].
This paper presents an integrated approach for the analysis and design of a dynamically walking
biped robot. Open- and closed-loop ZMP controls of dynamic biped walking have been simulated in a
modular computer environment. Beside the biologically inspired mechanical structure of the biped
robot, analogies between natural human walking and the proposed walking behavior have been
observed in simulations. Simulation results presented in this paper have founded the basic research in
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biped locomotion and served as the basis of a biped robot design.
The following section describes the mechanical structure of the proposed biped model as well as
the modeling of biped walking behavior. The third section deals with the control approach applied in
simulations. Simulation results and a discussion are given respectively in the fourth and fifth sections.

2. BIPED MODEL
2.1. Dynamics
In this work, the forward dynamics of the walking behavior is to be computed in simulations. The
inverse dynamics model must be used in the computation of actuator input torque in order to obtain
high speed locomotion, i.e. dynamic walking behavior. Dynamics of an open chain mechanism is
given in closed-form as follows:

M (θ ) θ&& + V (θ , θ& ) + G (θ ) + F (θ , θ& ) = τ

(1)

where n being the number of DOF, M (θ ) is the n × n inertia matrix, V (θ , θ& ) the n × 1 vector
of coriolis and centrifugal forces, G (θ ) the n × 1 vector of gravitational forces, and F (θ , θ& ) the
n × 1 vector of friction forces.

The inverse dynamics algorithms used in the analysis and simulation of multi-body systems have
been developed in iterative form suitable for programming [23]. The Paul-Luh-Walker algorithm [24]
chosen for simulations is a force-based algorithm using the classical Newton-Euler formulation. One
advantage of the Paul-Luh-Walker algorithm is the execution of computations in local reference
frames attached to the links, which decreases the total number of necessary mathematical operations.
In Lagrangian based approaches, one needs to write the expression of the total potential energy with
respect to a fix reference frame, which increases the computational load.
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2.2. Single and double support phases
In single support phase, the mechanism is in open chain form and the 12-DOF of the legs are
independent from each other. With suitable assumptions on friction effects, the mobile mechanism can
be considered as a 12-DOF manipulator attached to the ground (Figure 1).
The original Paul-Luh-Walker algorithm being developed for serial manipulators, it has been
adapted to the mechanical structure of a biped walking mechanism [25]. The open kinematic chain
based on the foot at ground has a tree structure as given in Figure 2. Two of the branches follows the
flywheels on the upper body and the other one the swinging leg. This tree structure has been
considered in the adaptation of the Paul-Luh-Walker algorithm.
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Figure 1: Single support phase with a swinging leg

Figure 2: Tree structure

In double-support phase, the second foot being also in contact with the ground, the resulting
reaction forces and torque have been added into the algorithm [26]. In this way, these reactions
considered as external effects have been compensated by joint actuators along the legs. In simulations,
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ground reactions have been measured at the 4 corners of the rectangular foot base and reduced to a
reference point on the foot.

3. WALKING MODELING AND CONTROL
In biped mechanisms, the 6 DOF at the foot-ground interaction are not directly controllable. The
so-called Zero Moment Point (ZMP) of the system must remain in a region on the ground covered by
the feet for the stability of the walking, i.e. the support polygon (Figure 3). Foot-ground contact can
be maintained as required with the controllers based on the ZMP definition [5, 10].

Figure 3: Support polygons for single and double support phases

3.1. ZMP and linear inverted pendulum modeling
Main forces and torque acting on the mechanism due to walking are the gravitational and inertial
forces with the ground reactions. The ZMP is defined as the point on the ground plane where the sum
of all torque with respect to this point equals zero. The position of the ZMP on the ground plane is
written as follows [27, 28]:
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where F and M represent respectively the total forces and torque reduced to the Centre of Gravity
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(CoG) of the links.
Equations (2) show the nonlinear analytic expression of the ZMP. These expressions have been
simplified based on the assumption that the entire mechanism can be reduced to a point mass
concentrated on the CoG of the system [29-32]. The system can then be approximated by a linear
inverted pendulum model as shown in Figure 4. If, in addition, the height of the CoG from the ground
is assumed to remain constant, then the forces and torque acting on the system will consist of the
gravitational force and the force due to the forward acceleration on the CoG.
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Figure 4: Linear inverted pendulum modeling

Considering the motions on both x and y directions, the ZMP expressions (2) can be simplified
as follows:

cx −

cz
c&&x = xzmp
g

,

cy −

cz
c&&y = y zmp
g

(3)

This so-called linear inverted pendulum modeling will simplify the solution of the differential
equations and therefore the computation of the reference CoG trajectories with respect to the desired
trajectories of the ZMP.
If the walking speed is nearly constant then the accelerations are negligible and the equations (3)
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reduce to as follows [33]: c&&x ≈ 0 , c&&y ≈ 0

⇒ cx ≈ xzmp , c y ≈ yzmp . The assumption of

negligible accelerations can be satisfied in sufficiently low speeds and relatively longer
double-support phases, i.e. static walking.

3.2. Reference trajectories
The walking control scheme requires the reference trajectories of the feet and CoG as inputs. The feet
must be transferred between successive positions on the ground while respecting the continuity
constraints on their velocity and acceleration values at contact instants with the ground [34].
Continuity up to the 2nd order and ease of adjustability have been taken into account in the search of
suitable trajectories. Simulation based studies have shown that velocity references instead of position
references provide smoother feet trajectories. This observation is in agreement with the natural human
locomotion over flat surfaces during which the walking velocity is controlled but not the feet positions.
A biped walking with constraints on the feet positions in a trajectory will clearly disturb the periodic
and smooth character of the motion. Therefore the velocity control of biped walking will result with
smoother motion than the position control.
Figure 5 shows four different foot trajectory among the others used in simulations. The reference
profiles of the feet for forward walking can be expressed by unique functions while the reference
profiles for stair climbing are rather given by piecewise functions. The piecewise structure of the
reference profiles over the z axis provides the possibility of adjustment of the step heights
independently from each other, which is necessary in stair climbing.
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Figure 5: Reference foot trajectories for walking over horizontal ground and stair climbing

The reference CoG trajectories in dynamic walking can be obtained by solving the equations (3).
Analytical and numerical solution methods as well as the solution through servo-control approach
have been considered. The support polygon during walking is defined as the area on the ground given
by the interaction surface between the foot and ground. The walking stability is directly related to the
ZMP position with respect to the support polygon. Figure 12 shows the stability margins as a function
of the ZMP position in single support phase.

Stability
ZMP

ZMP

margins

Stability
margins

Figure 12: The ZMP positions and stability margins

3.3. Servo-control around the linear inverted pendulum model
Simulation based studies have shown that the solution of the equations (3) through the servo-control
approach [35, 36] instead of analytical [37] and numerical [38] methods has provided relatively
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smoother trajectories and therefore smoother dynamic walking performances. If the jerk u x of the
CoG, i.e. the time-derivative of the CoG acceleration in forward direction is defined as a new state
variable, then the equations (3) can be written in a suitable state-space form as follows:

⎛ x& ⎞ ⎛ 0 1 0 ⎞ ⎛ x ⎞ ⎛ 0 ⎞
⎜ && ⎟ ⎜
⎟ ⎜ ⎟ ⎜ ⎟
⎜ x ⎟ = ⎜ 0 0 1 ⎟ ⋅ ⎜ x& ⎟ + ⎜ 0 ⎟ ⋅ u x
⎜ &&&
⎟ ⎜
⎟ ⎜ x⎟ ⎜ 0⎟
⎝ x ⎠ ⎝ 0 0 0 ⎠ ⎝ &&
⎠ ⎝ ⎠

⎛ x⎞
⎛ xzmp ⎞ ⎛ 1 0 − zc g ⎞ ⎜ ⎟
, ⎜
⎟=⎜
⎟ ⋅ x&
0 ⎠ ⎜⎜ ⎟⎟
⎝ cx ⎠ ⎝ 1 0
x⎠
⎝ &&

(4)

Figure 13 shows the block diagram of the servo-control approach used for the resolution of the
equations (4).

xzmpref

+

xzmp

Servo-controller

ux

Equations (4)

cx

Figure 13: Block diagram of the servo-control around the linear inverted pendulum model

The dynamics described by the above servo-control system is unstable and the CoG reference of
the system is in advance in time with respect to the ZMP reference as shown in Figure 14. In these
conditions, the servo-control approach can be applied only if the future values of the ZMP reference
are known to the servo-controller [39].
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Figure 14: CoG and ZMP reference trajectories

3.4. Model prediction and computed torque control
The required prediction of the ZMP trajectories has been obtained with a preview control approach on
the control of the HRP [35]. The study of the prediction problem has shown the analogies between the
preview and model predictive control methods [40, 41]. In this work, the well-known model
predictive control method has been applied to solve the prediction problem. Continuous-time
equations (4) have been transformed in discrete-time domain with the sampling period h as follows:

⎛ 1 h h2 2 ⎞
⎛ h3 6 ⎞
⎜
⎟
⎜
⎟
x ( k + 1) = ⎜ 0 1
h ⎟ ⋅ x ( k ) + ⎜ h2 2 ⎟ ⋅ u ( k ) ,
⎜0 0
⎜ T ⎟
1 ⎟⎠
⎝
⎝
⎠

⎛
px ( k ) = ⎜ 1 0
⎝

− zc
g

⎞
⎟ ⋅ x ( k ) (5)
⎠

The above discrete-time model and the simulation platform have been used in order to determine
the suitable predictive control parameters, i.e. the prediction horizon, control horizon, control interval
and total weight. The CoG trajectories obtained with the above defined model predictive controller are
given in Figure 15.
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Figure 15: CoG trajectories and ZMP references in x and y directions

A computed torque control scheme (Figure 17) is used in computing the actuator inputs. The
proportional and derivative gains of the PD controller have been tuned by trial and error approach.
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Figure 17: Computed torque control scheme

3.5. Closed-loop control of dynamic walking
We have made a number of assumptions in order to obtain simpler mathematical models to be used in
the control loops. Signal noise and any other external perturbations have been neglected. Effects of
the unmodeled dynamics occurring especially while walking over curvilinear trajectories and stair
climbing can be considered among perturbations due to the walking dynamics. In order to cancel
these unwanted effects a closed-loop controller for the ZMP position has been designed and applied in
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simulations. Two flywheels with orthogonal axes in the horizontal plane have been added to the upper
body of the biped model as shown in Figure 18. These flywheels have been modeled as second-order
dynamics and used in counter-balancing the torque measured at feet (Figure 19). Flywheel dynamics
have also been added in the inverse dynamics mentioned in Section 2.

Figure 18: Flywheels

Figure 19: Torque balancing through flywheels

Physically, the problem of biped walking control can be considered as the one of orientation control
of the system. Since the ZMP position under the foot is directly related to the configuration of the
entire mechanism, walking stability can be achieved only if the orientation of the mechanism can be
controlled. The torque measured at feet is directly fed to the flywheels therefore the ZMP position is
continuously attracted by the ground region under the feet, i.e. the support polygon. The general block
diagram of the control system used in simulations is given in Figure 20.
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Figure 20: Block diagram of the general control structure

4. SIMULATIONS
Simulations of dynamic walking have been realized in a modular software platform using MSC
Adams™ and Matlab™. The constant frequency of communication between these software is
determined by the sampling period of 0,0005 seconds used in the computation of the forward
dynamics. The sampling period mainly depends on the dynamics caused by fast varying ground
reactions. Simulations have been run on a PC with a 2.13 GHz Core 2 Duo processor. It has been
observed that MSC Adams™ fully used one core and Matlab™ needed 60% of the capacity of the
second core.
Figure 21 shows the simulation environment and 6 images captured during dynamic walking. In the
images given in Figure 21, the biped model achieves respectively the following walking behaviors: a)
Walking over linear trajectory (Forward walking), b) Stair climbing, c) Walking over a curvilinear
trajectory (Turning left), d) Walking down the stairs, e) Lateral walking, and f) Backward walking.
The height and weight of the biped model used in simulations are respectively 1390mm and 30kg.
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Figure 21: Simulation environment and captured images

4.1. Forward walking over linear trajectories
Forward walking simulations have been realized using several different parameter sets corresponding
to various combinations of the step length L and period T . Figure 21 shows examples of the
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reference and realized trajectories of the ZMP as well as the trajectory of the CoG.

CoG Trajectory
ZMP Reference
Actual ZMP

CoG Trajectory
ZMP Reference
Actual ZMP

Figure 21: The reference and realized trajectories of the ZMP and the trajectory of the CoG for (a)

T = 0,5s , L = 30cm , (b) T = 0, 75s , L = 50cm

4.2. Stair climbing
15cm height stairs have been used in stair climbing simulations (Figure 22). The CoG of the model
has been given constant reference velocities in vertical directions. Discontinuous velocity references
have been smoothened by second order low-pass filters. Deviations of the CoG from its reference
remain limited as shown in Figure 23.

CoG Trajectory
ZMP Reference
Actual ZMP

Figure 22: The reference and realized trajectories of the ZMP and the trajectory of the CoG while
climbing stairs
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Time (s)

Figure 23: Motion of the CoG over the vertical axis

4.3. Forward walking over curvilinear trajectories (Turning right and left)
Centrifugal forces act on the model while walking over curvilinear trajectories. Compensation of this
unwanted dynamic effect has been addressed in some of the biped robots [42]. In the present work,
flywheels mounted on the upper body have been used for the closed-loop compensation (Figure 24).
Figure 25 shows the CoG trajectory of the mechanism while walking over a curvilinear trajectory.

ZMP Reference
Actual ZMP

Figure 24: The reference and realized trajectories of the ZMP over a curvilinear trajectory

Figure 25: The trajectory of the CoG over a curvilinear trajectory
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4.4. Joint torques
Actuator inputs required for the above presented locomotion behaviors have been computed in the
controller and applied to the joints in simulations. Joint torques measured at one leg during forward
walking at 5 km/h are given an example in Figure 26. Simulation results have shown that the required
power at joint levels can be provided with commercially available DC motors.

Ankle Torque Around the X-Axis

Ankle Torque Around the Y-Axis

Knee Torque

Hip Torque Around the X-Axis
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Hip Torque Around the Y-Axis

Hip Torque Around the Z-Axis

Trunk Motor Torque Around the X-Axis

Trunk Motor Torque Around the Y-Axis

Figure 26: Torques (Nm) versus time (sec) graphics for the actuator inputs in 5 km/h forward walking

5. DISCUSSION
A biped model and related controllers for dynamic walking have been proposed and successfully
tested in a modular simulation environment. The mechanical structure of the biped model used in
simulations has been biologically inspired, the 6 DOF per leg of the model being also the principal
DOF with relatively larger range of angular displacements present in human leg. It has been observed
in simulations that velocity references for feet provide smoother walking behavior than position
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references. Natural human walking over flat surface is also based on velocity control; over
unconstrained ground, we do not care about where we put our feet, only the walking speed is
controlled. Therefore the simulation results are in agreement with natural human walking, i.e., the
biological inspiration source.
Various control approaches present in literature have been studied and a unified scheme has been
proposed and tested for the control of dynamic biped walking. Simulation results have shown that
walking stability can be achieved with open-loop ZMP controller in forward, lateral and backward
walking as well as stair climbing. While walking over curvilinear trajectories, i.e. turning left and
right, the robot is instantaneously rotating about an axis perpendicular to the ground. This rotation
results with fictitious forces such as Coriolis and centrifugal forces acting on the walking robot. These
forces show disturbing effects on the stability of the ZMP and hence the robot. A complementary
closed-loop ZMP controller has been used for compensating the disturbing dynamics occurring in
walking over curvilinear trajectories. The closed-loop controller helps only the robot reaching higher
velocities over curvilinear trajectories and do not have any effect over linear trajectories.
Simulation results have shown that joint torques necessary for dynamic walking can be provided by
commercially available electrical actuator and gear combinations. The design of a new biped walking
robot has been based on the analysis results presented in this paper.
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